Quark mass hierarchy in 3-3-1 models 



(N 



C. Alvarado, R. Martinez* F. Ochoaj 
Departamento de Ffsica, Universidad Nacional de Colombia, 



O 

(N! Ciudad Universitaria, Bogota D.C. 

c; 

July 3, 2012 

ov 

^ ! Abstract 

p [ We study the mass spectrum of the quark sector in an special type I-like model 

with gauge symmetry SU(3) C ® SU(3)l® U(1)x- By considering couplings with scalar 
triplets at large (~ TeV) and small (~ GeV) scales, we obtain specific zero-texture 
mass matrices for the quarks which predict three massless quarks (u, d, s) and three 

■ massive quarks (c, b, t) at the electroweak scale (~ GeV) . Taking into account mixing 
couplings with three heavy quarks at large scales predicted by the model, the three 
massless quarks obtain masses at small order that depends on the inverse of the large 
scale. Thus, masses of the form m u < < m s ~ MeV and m c &i ~ GeV can be 

■ obtained naturally from the gauge structure of the model. 

o 

(N 

1 Introduction 

- * — i ■ 

^ \ Although the Standard Model (SM) P is the simplest model that succesfully explain most 
of the phenomena and experimental observations in particle physics, it contains unanswered 
fundamental questions which many theorists associate to an underlying theory beyond the 
SM. In particular, the observed fermion mass hierarchies, their mixing and the three family 
structure are not explained in the SM. From the phenomenological point of view, it is possible 
to describe some features of the mass hierarchy by assuming zero-texture Yukawa matrices 
[2]. Models with spontaneously broken flavor symmetries may also produce hierarchical 
mass structures. These horizontal symmetries can be continuos and Abelian, as the original 
Froggatt-Nielsen model [3], or non-Abelian as for example SU(3) and SO(3) family models 
[1]. Models with discrete symmetries may also predict mass hierarchies for leptons [5] and 
quarks |B]. Other models with horizontal symmetries have been proposed in the literature 

On the other hand, the origin of the family structure of the fermions can be addressed 
in family dependent models where a symmetry distinguish fermions of different families. 
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An interesting alternative that may provide a clue to this puzzle are the models with gauge 
symmetry S77(3) c (g> SU(3)l®U(1)x, also called 3-3-1 models, which introduce a family non- 
universal U(l)x symmetry [8j |9j [TOj [11]. These models have a number of phenomenological 
advantages. First of all, from the cancellation of chiral anomalies [12] and asymptotic freedom 
in QCD, the 3-3-1 models can explain why there are three fermion families. Secondly, since 
the third family is treated under a different representation, the large mass difference between 
the heaviest quark family and the two lighter ones may be understood [13] . Also, these 
models contain a natural Peccei-Quinn symmetry, necessary to solve the strong-CP problem 

P-D- 

In particular, the 3-3-1 models introduce three SU(3)l scalar triplets: one heavy triplet 
field with a Vacuum Expectation Value (VEV) at high energy scale (x) = p X i which produces 
the breaking of the symmetry SU(3)l <8> U(l)x into the SM electroweak group SU{2)l ® 
U(1)y, and two lighter triplets with VEVs at the electroweak scale (p) = v p and (rj) = 
v v , which induce the electroweak breakdown. Thus, the model may provide masses to all 
fermions and gauge bosons at tree level. On the other hand, the 3-3-1 model possess an 
specialized Two Higgs Doublet Model type III (2HDM-III) in the low energy limit, where 
both electroweak triplets p and rj are decomposed into two hyper charge-one SU{2) l doublets 
plus charged and neutral singlets. Thus, like the 2HDM-III, the 3-3-1 model can predict 
huge flavor changing neutral currents (FCNC) and CP-violating effects, which are severely 
suppressed by experimental data at electroweak scales. One way to remove these effects, 
is by imposing discrete symmetries, obtaining two types of 3-3-1 models (type I and II 
models), which exhibits the same Yukawa interactions as the 2HDM type I and II at low 
energy. In the first case, one Higgs electroweak triplet (for example, p) provide masses to 
the phenomenological up- and down-type quarks, simultaneously. In the type II, one Higgs 
triplet (p) gives masses to the up-type quarks and the other triplet (rj) to the down-type 
quarks. In this paper we obtain in the framework of the J-type model specific mass matrix 
structures from the gauge symmetry, where only one of the down-type quarks acquire mass 
(which could be associated to the phenomenological bottom quark), and two are massless 
(d- and s-quarks), while two of the up-type quarks acquire masses (c- and t-quarks) and one 
is massless (li-quark). We also show by the method of recursive expansion [15] that if mixing 
couplings with the heavy quark sector of the 3-3-1 model is considered, then the massless 
quarks indeed may obtain masses at small order that depends on the inverse of the heavy 
scale (represented by three heavy quarks) without introducing neither effective operators nor 
one- loop corrections [16], [T7]. Thus, at first glance we can obtain masses with the structures 
m u < rrid < m s ~ MeV and mj ~ m c ~ m t ~ GeV. 

This paper is organized as follows. In Section 2 we briefly describe some theoretical 
aspects of the 3-3-1 model and its particle content, in particular in the fermionic and scalar 
sector in order to obtain the mass spectrum. Section 3 is devoted to obtain the mass 
matrices in the low energy limit. In section 4 we consider the method of recursive expansion 
to diagonalize the mass matrices taking into account mixing couplings between light and 
heavy fermions. Finally in Sec. 5, we summarize and discuss our results. 
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2 The Yukawa couplings of the 3-3-1 model 

We consider a 3-3-1 model where the electric charge is defined by: 



Q = T 3 --^T 8 + X, (1) 

with T3 = ^Diag(l, —1, 0) and Tg = (^^)Diag(l, 1, —2). In order to avoid chiral anomalies, 
the model introduces in the fermionic sector the following (SU(3) C , SU(3)l, U(1)x) left- 
handed representations: one (3,3,1/3) quark triplet, two (3,3*,0) quark triplets and three 
(1,3, —1/3) lepton triplets. For the right-handed sector, we introduce the following singlets 
in order to obtain Dirac-type charged fermions: three (3*, 1, —1/3) down-type quarks, three 
(3*, 1, 2/3) up-type quarks, three (1, 1, —1) electron-type leptons. In addition we introduce 
three (3*, l,Qj 12l Ti) and three (1, 1,0) right-handed singlets associated to the new non-SM 
quarks and neutral Majorana leptons, respectively. In summary, we have the following 
representations free from chiral anomalies: 
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where U l L and D l L for i = 1,2,3 are three up- and down- type quark components in the 
flavor basis, while u l L and e L are the neutral and charged lepton families. The right-handed 
sector transform as singlets under SU (3) 1 with U{l)x quantum numbers equal to the electric 
charges. In addition, we see that the model introduces heavy fermions with the following 
properties: a single flavor quark T 1 with electric charge 2/3, two flavor quarks J 2,3 with 
charge —1/3, three neutral Majorana leptons (z^ 1 ' 2,3 ) 1 ^ and three right-handed Majorana 
leptons iV^' 2 ' 3 (recently, a discussion about neutrino masses via double and inverse see-saw 
mechanism was perform in ref. [IB])- On the other hand, the scalar sector introduces one 
triplet field with VEV (x)o — v xi which provides the masses to the new heavy fermions, and 
two triplets with VEVs (p)o = v p and (77)0 = v v , which give masses to the SM- fermions at 
the electroweak scale. The (SU(3)l, U{1)x) group structure of the scalar fields are: 
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Xi 

\ = 1 X2 \ (3.-1/3) 

Pi 

P = ( 7s(«P + &±iCp) I ; ( 3 ' 2 / 3 ) 

ig" | : (3, -1/3). (3) 
%° 

With the above spectrum, we obtain the following SU(3)l <S> U(1)x renormalizable 
Yukawa Lagrangian for the quark sector: 



+ Qlph J plm JR+ 01 {Vhl. + Xhln)^ 
+ mP*h U pn p 3 R +mW nj +x^ n3 )D ] R 

+ Qliv^+xXnrnjJR+QlP^n + h.C, (4) 

where n = 2, 3 is the index that label the second and third quark triplet shown in Eq. (j2]), 
and hLj are the i,j components of non-diagonal matrices in the flavor space associated with 
each scalar triplet <fi : rj, p, \. In order to avoid FCNC terms at tree level, we demand the 
following discrete symmetry: 



T K -> T R , J R ^J R . (5) 

Thus, the couplings of the quarks with the triplet rj are removed from the Lagrangian in 
flU), which at low energy is equivalent to 2HDM type I. After the symmetry breaking of the 
3-3-1 gauge group, we obtain from the VEVs in ([3]) and taking into account the Yukawa 
Lagrangian in with the discrete symmetries in (JSJ) the following structure for the mass 
terms: 



- (C Y ) = (U L ,T L ) M UT \Z*J + (D L , J L ) M dj (jKj + h.c, (6) 

where Ul,r = (U 1 , U 2 , £7 3 )l,_r are the left- and right-handed up-type quark flavor vectors, 
Dl,r, = (D 1 , D 2 , D 3 ) l,r the corresponding down-type quark vectors, Jl,r = (J 2 ,J 3 )l,r are 
two-dimensional vectors associated with the heavy quarks with electric charge —1/3 in (J2]) 
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and Tl } r is the single component of the heavy quark with charge 2/3. The matrices Mjjt 
and M DJ have the following structures in the basis (U,T) and (D, J), respectively: 

where My, fc, and Mt are 3x3, 3x1,1x3 and lxl matrices, respectively, while Mp, 
s, S and Mj are 3x3, 3x2, 2x3 and 2x2 matrices, respectively. The Yukawa Lagrangian 
in d3j) provides the following relations between the above mass matrices and the Yukawa 
couplings through the VEVs: 



k 



1 hT 

T2 hpVp > 



M 7 



K 



- ^v*. 

75 h * Vx - 



(8) 



for M UT , and 



M D = ^hfv p , Mj = ^=h J x v x , 

s = 7!^ p ' s = ~J5 h * Vx ' (9) 

for Md j- We can see in the Yukawa Lagrangian in Eq. (jlj) that due to the non-universal 
form of the U(l)x values exhibited by the scalar and quark triplets in (J2J) and ([3]), not all 
couplings between quarks and scalars are allowed by the gauge symmetry, which lead us to 
the following zero-texture Yukawa coupling constants: 
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for the couplings with up-type quarks, 
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for the couplings with down-type quarks, 
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for the couplings with the doublets J, and 




IV 

X 

for the couplings with the single T quark 



3 The mass matrices in the low energy limit 

In the low energy limit (v x ^> v VjP ), the quark mass eigenstates for the small and large scales 
can be obtained separately by unitary transformations of the left- and right-handed weak 
eigenstates: U' LR = V L)R U L)R , D' LR = V^ R D LtR , and J' LR = V£ r J l ,r, while the singlet 
T-quark decouple from other components, obtaining T' L R = T L R . Thus, the matrices for 
U-,T-,D- and J-quarks in Eqs. (JS]) and © are diagonalized by: 

m v = « = |CW 



V^MjVi = ^V^h J x Vi, 



V2 

V2 x ' 



m T = -+hT, (14) 



Thus, the mass matrices for U- and D-type quarks depend only on the h p Yukawa matrices, 
which from (jgjl. (l9l). (flOl) and (IIB become: 




0\ (A B 

Vp_ 

V2 



b c I , M D = ^j=\ I , (15) 



e // y 

which diagonalize through the bi- unitary transformations V^ R . Let us evaluate the eigen- 
values of the square mass matrices: 

3.1 Up-sector 

From ( I15p . we obtain the following structure: 



M v M\j = I a (3 I , (16) 



where a, (3 and 7 are of the order v ~ (246 GeV) . The above matrix exhibits one zero 
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(3* 
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eigenvalue and diagonalize with only 
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V^MjjMlvE = m\j = diag(0,mimi). (17) 

Thus, if we identify the zero-mass component with the phenomenological w-quark, and the 
other two with the c- and t-quarks, we obtain: 



ml = 

m lt = m l,3 ~ GeV 2 



3.2 Down-sector 

From (1151) . we obtain the matrix: 




that exhibits two massless quarks which can 
X with the 6-quark: 



0\ 

, (19) 
0/ 

be associated with the d- and s-quarks, while 



m ls = 

m 2 b = Y,~GeV 2 (20) 

Thus, from the gauge symmetry, we may obtain zero-texture mass matrices for the quark 
sector in the low energy limit, obtaining three massless quarks (light quarks) and three 
massive quarks at the electroweak scale (~ GeV). The massless quarks are indeed massive 
particles if we consider small couplings with the extra heavy 3-3-1 quarks, as we show below. 



4 The mass matrices with mixing couplings 

In this case we consider the complete mass matrices from Eq. ([7]), which have the following 
general structure: 



^-light flight \ /ni \ 

C A / ' ^ i 

^heavy 1 v heavy J 

where M Ught ~ f Hgkt ~ v p ~ 246 GeV, while G heavy ~ A heavy ~ v x > 246 GeV. The 
above mass matrix can be diagonalized by a bi-unitary transformation: rh = 0\MOr. This 
transformation can be separated into two rotations: first, we can rotate through the bi- 
unitary transformations Vl,_r = V^'^ and Pl,r = V[ r defined by Eq. ([TJJ in the low energy 
limit. Second, since the first rotation does not lead to a completely diagonal matrix due 
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to the mixing terms / and G, we must perform another rotation through unitary matrices 
B LR . Thus, we separate the original rotation into: 



where we require that: 



0\MO R = WMMU R W R = m = ^ ht JM . (23) 
After the first rotation (through Ul,r) of fl2T|) . we obtain mixing matrices of the form: 



U\MU R = m= I™ 1 f ), (24) 

L yG m h J v ' 

where^m; = VlMu ght V R and M H = Plk heavy P R are diagonal blocks, while / = Vlfi ight PR 
and G = P]G} ieavy V R are non-diagonal mixing blocks. Then, we must find the matrices 
B>l R in order to obtain the complete diagonalization of the mixing matrices in ( |24l) . We can 
achieve this by constructing the following squared mass matrices from ( 1241) : 



t / m im \ + //t m z Gt + /M^ \ _ / 



' Gm\ + MhP MhMI + GG^) \x j m Vh 
ml = ^m = [ ^ + & f~ ^ + &M ~A = ( A J l H ) , (25) 



where a; ~ v 2 (electroweak scale), x m ~ v p v x (intermediate scale) and yu ~ ~ A# ~ 
Yjj ~ (heavy scale). The above squared matrices are diagonalized through Wl,r defined 
in (J22} : 

Kn m h W ^ = ■ (26) 

From the condition of the vanishing of the off-diagonal submatrices in Eq. (I2B|) . we obtain: 

B L {x^B L -a x B L + B L y H -x m = 0, (27) 
B fl (X]r)Bfl-AHBfl + B fl Yir-*tf = 0. (28) 
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Since a; <C x m <C yn, the equation (127}) may be solved assuming that Bl expands in powers 
oil/y H m- 

B L = B L1 + B L2 + B L3 + (29) 

where at order Bn Eq. (T2T1) approximates to B^yu — x m = 0, obtaining: 

B L « ^i/, 1 = (m,Gt + (m h Mj, + . (30) 

Solving Eq. (1251) is less evident, since all coefficients are at the heavy scales. However, 
we may consider an scenario where the mixing terms in (1211) are small with respect to the 
diagonal components, which implies for the matrix m\ in (l25l) the hierarchy Yjj ^> Xh ^> Aff. 
Thus, Eq. ( 1281) may also be solved assuming that Br expands in powers of 1/Yff, where at 
first order Eq. (1281 reads B r Yh — Xh = 0, obtaining: 

B R « X^ 1 = Afc) (m^M h ) ~* . (31) 



Putting all together into the total rotation in Eq. ( 1231) . we finally find the light and heavy 
diagonal masses: 

m hght = mi -fB R -B L G + B L M H B R 

mheavy = M H + G B R + B ] J + B{ mi B R . (32) 
In particular, for the light sector we see that: 

m z = VlM light V R , 

Mh = PlAheavyPR, 

B L « f/M H , 

B R « G/M H , (33) 
obtaining for the light fermions in ( 1521 ): 

m Kfl w « V^M^^Vr - ^— . (34) 

If we apply the above solution into the mass matrices in (J7J) we will obtain for the light sector 
that: 



kK 

mu » vf^Vf-— , (35) 

- — Q 

m D « lft MD yD_^_ ) (36) 
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where the first terms correspond to the diagonal masses in the low energy limit given by (CO 
and (120]) . plus small corrections that arise from the mixing terms k, s, K, S and the inverse 
of the heavy masses of the T- and J-quarks. Thus, if we make the same identification as in 
(|T8|) and (|20|) . we obtain for the up sector: 



while for the down sector: 



\m,. 



\m 



c:t 



kK 
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M T 



MeV 



GeV, 



22,33 



(37) 



\m d . 



m b \ 



sS 



22,33 



M 



■h.: 



MeV 



V?M D Vg 



GeV. 



ii 



(38) 



Indeed, we see in (1381) that rhd, s depends on the inverse of the two masses of the J-quarks, 
while in (1371) . rh u is inverse in Mt- Thus, if we require that the heavy quarks obey Mr > 
Mj 2 > Mj 3 we obtain the following forms: 



m u <m d < m s ~ MeV 
fh b rt ~ GeV. 



(39) 



5 Conclusions 

The 3-3-1 model exhibits an abelian non-universal U(l)x symmetry in the quark sector, 
which lead us that not all Yukawa couplings are allowed by the symmetry. Indeed, the 
family- dependence feature shown by the quark multiplets in (J2j) arises from the condition of 
cancellation of the chiral anomalies in order to obtain a realistic renormalizable spectrum 
beyond the tree-level. Thus, from the gauge structure of the model, we obtain zero-texture 
Yukawa coupling constants h PyX as shown by equations (fT0l)- (fl3~l) . These structures may 
generate quark mass hierarchies if we consider an special basis through appropriate discrete 
symmetries that suppress the FCNC couplings, analogous to the 2HDM type I. In this 
case, one Higgs triplet (p) provides masses to the up- and down-type quarks simultaneously, 
obtaining zero-texture mass matrices through the VEV v p , as shown by (|T5|) . The above 
matrices exhibits one massless up-type quark (u-quark) and two massless down-type quarks 
(d- and s-quarks), while three quarks (o, b- and t-quarks) have masses at the scale v p ~ 
GeV. 

On the other hand, we may generate small (~ MeV) mass components to the above 
massless quarks without introducing neither effective operators nor one-loop corrections. If 
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we consider the complete allowed Yukawa couplings, including small mixing couplings with 
the heavy T-, J\- and ^-quarks (which according to (I14p have masses at large scale v x ~ 
TeV), the mixing mass matrices in ([7]) can be diagonalized into light and heavy masses. In 
particular, by the method of recursive expansion, it is possible to decouple both scales at first 
order, obtaining see-saw type masses, where the massless quarks acquire masses at scales 
inverse in the heavy mass quarks: \fh u \ ~ \kK\/Mx, \fhd, a \ ~ \sS\/Mj 23 . If we consider 
heavy non-degenerated spectrum, in particular that Mt > Mj 2 > Mj 3 we may understand 
the observed hierarchy m u < rrid < m s exhibited by the phenomenological light quark sector. 
This work was supported by Colciencias. 
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